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ABSTRACT
We present QCD corrections to the Drell-Yan process in the transversely polarized, longi-
tudinally polarized and unpolarized cases. The analytical results are presented in a form
valid for all n-dimensional regularization schemes. A universal mass factorization scheme
is presented in which the results reduce to those of dimensional reduction. The connection
between the parton distributions and fragmentation functions of dimensional reduction and
those of dimensional regularization is elucidated in a simple manner. Numerical results are
presented for proton-proton collisions at energies relevant to RHIC (Relativistic Heavy Ion
Collider). The perturbative stability of the transverse and longitudinal asymmetries is
investigated.
PACS numbers: 12.38.Bx, 13.75.Cs, 13.85.Qk, 13.88.+e
(To appear in Phys. Rev. D)
I. INTRODUCTION
The unpolarized Drell-Yan process has been studied rather extensively in the literature,
including O(
s
) [1, 2] and O(
2
s
) [3] corrections. As well, the O(
s
) corrections to the
corresponding longitudinally polarized [4] and transversely polarized processes [5, 6] have
been studied. What was still lacking is a unied picture for dealing with the polarized





tensor, in n dimensions; both of these objects arise in polarized processes. For
unpolarized QCD processes, dimensional regularization (DREG) preserves all the necessary
invariances and symmetries to do calculations to any order in 
s
. Hence DREG is the most
commonly used regularization for QCD. The ambiguity associated with the continuation
of the 
5
matrix makes it impossible to uniquely dene higher order corrections (HOC)
for polarized processes using DREG. Various prescriptions are available, but problems
with either mathematical or physical consistency generally arise. As a result, another n-
dimensional scheme, dimensional reduction (DRED) may be used. This scheme avoids the

5
problem, although it requires certain ultraviolet (UV) counterterms which are the same
in both unpolarized and polarized processes and may be unambiguously determined.
In this paper, we present analytical results for unpolarized and (both longitudinally and
transversely) polarized Drell-Yan in a form valid for all n-dimensional schemes. For the
polarized case, the ambiguity (or scheme dependence) in the DREG results is parameter-
ized by the ambiguity in the polarized n-dimensional split functions. As well, we present
numerical results for p-p collisions relevant to the Relativistic Heavy Ion Collider (RHIC).
We go further to show that for a wide class of subprocesses, including the one-loop
corrections to Drell-Yan and deep-inelastic scattering, DRED is simply equivalent to a





it involves subtracting the "-dimensional part of the n-dimensional Altarelli-Parisi split
functions, where n = 4   2". As a consequence, the nal results in the MS
"
scheme are
regularization scheme independent within the n-dimensional schemes. The nal result is
equivalent to that obtained in DRED and all ambiguities associated with the continuation
of the 
5
matrix are subtracted via the n-dimensional split functions.
We will also show the connection between the DRED parton distributions and frag-
mentation functions and those of DREG in a simple manner. More specically, we show
how to convert existing DREG distributions into ones suitable for use with cross sections
determined using DRED. This is important since DRED is equivalent to 4-dimensional he-
licity amplitude techniques which considerably simplify perturbative calculations. We may
thus calculate new unpolarized cross sections using DRED or helicity amplitudes and then
simply convolute them with the DRED distributions obtained from well-known unpolarized
DREG parton distributions and fragmentataion functions.
Similar conclusions (for unpolarized processes) may be obtained in the approach of [7],
which converts DRED cross sections into DREG ones by considering dierences in the
Lagrangians and using ctitious "-scalars to calculate the dierences in the cross sections.
1
Transition rules between the two schemes are also given in [8]. Here, we take a simpler
and more phenomenological approach, investigating how the scheme dependences arise
in the Feynman graphs. The connection between the two schemes is simply the relation
between the distributions of the respective schemes. This allows for easy interpretation and
extension to a wide class of processes. We also explicitly consider polarized observables,
unlike [7, 8].
II. n-DIMENSIONAL REGULARIZATION SCHEMES
There are two parts to the dimensional continuation: the continuation of the momenta
and the continuation of all other tensor structures (i.e. gamma matrices). The continuation
of the momenta is unique, but there are various methods for continuing the tensors. The
choice of the latter denes which dimensional method is being used.
Continuation of the Momenta
For the continuation of the momenta, all momenta and phase spaces are continued
to n dimensions [9, 10]. The phase space integrals are continued by generalizing integer
dimensional integrals to non-integer dimensions. Consequently, all loop integrals can be























B(r + n=2;m   r   n=2); (1)
(see, for example [11]) with m > 0, r  0 and B the Euler beta function. As well, dening
n = 4   2" (n
0
= 4   2"
0
) with " < 0 ("
0
> 0) we see that "
0
is required for UV divergent




since we can only work in one dimension at one time. From (1) it follows that massless self-
energy insertions on massless external lines vanish. This means that on-shell wavefunction
renormalization is trivial when all particles are massless. Hence, in the absence of coupling
renormalization (i.e. gluon self-energies), eectively no UV renormalization is required.
Continuation of the Tensors (DREG)























As well, the usual convention is to take 2  2" = n  2 helicity states when averaging over














(p; ) is the gluon/photon polarization vector for gluon/photon momentum p and
helicity . Dierent conventions simply amount to nite renormalizations of the parton
distributions (which we will see arise from dierences in the n-dimensional split functions).




) tensor to n dimen-
sions: the anticommuting-
5
scheme [12] (see also [13] concerning "


















If traces with only one 
5
occur though, there are known mathematical inconsistencies[14].














] = 0:  > 4; (6)









































otherwise, it is the usual Levi-Civita tensor.
This scheme is mathematically consistent, but cumbersome. Physically, it has the
problem that the non-anticommuting 
5
leads to non-conservation of helicity of massless
fermions in a minimal subtraction scheme like MS [15].
Dimensional Reduction
Dimensional reduction [16] is perhaps the simplest of all the dimensional methods. It
was originally introduced because DREG violates supersymmetry. As will become obvious,
it is also manifestly mathematically consistent. The idea is simple; all -matrices and ten-
sors are taken to be 4-dimensional, and formally n < 4. This implies that the components









































This method is particularly simple for the calculation of tree graphs (i.e. graphs not
involving loops) since the traces are equal to their 4-dimensional counterparts, implying
3
gauge invariance. One may thus use 4-dimensional helicity amplitude methods, for instance.
Then the phase space integrals are carried out in n dimensions, providing and IR regulator.
As well, the anticommuting 
5
implies helicity conservation of massless fermions.




, which is generally contracted with 4-dimensional -matrices. This can lead
to a term  

"
which gives the incorrect Lorentz structure and must be removed by
a counterterm. In [17] the counterterm for the quark-(Z) vertex was presented. It is

















= 4=3 (i.e. the Feynman rule for the counterterm is obtained by making the above








Throughout, we consider (12) to be a Feynman rule for DRED. For the type of processes
considered here, (12) is the only counterterm required to make DRED physically consistent.
III. ANALYTICAL RESULTS FOR DRELL-YAN
We will rst consider the unpolarized and longitudinally polarized cases, then the trans-






















denote the helicities of hadrons A, B. The unpolarized and longitudinally
































) + [c(k)] (16)
for general partons a, b, c.


















































































are the unpolarized [polarized] parton densities for parton i in hadron I,



























































is the unpolarized [polarized] subprocess cross section corresponding to (16).
We must consider the subprocesses a = q, b = q, c = g and a = q, b = g, c = q, which are























































where the arbitrary mass scale 
2"




















































































































does not contribute to the cross section, as can be seen from gauge
invariance. Hence the integrated leptonic tensor is eectively a constant. Nonetheless, we
keep all the terms for completeness.
We may then dene the unpolarized [polarized] subprocess hadronic tensor []W

ab




















are dened analogously to (15). Having done so, we may write the




























































where y = (1 + cos )=2 and  is the angle between p
1




c.m.. This is all









in a form valid for all n-dimensional schemes, we
must rst give the general form of the n-dimensional split functions P
n
ij
(z), related to the
probability of parton j splitting into a collinear parton i having momentum fraction z, plus





(z; ") = P
<
ij











































(z) is the usual 4-dimensional split function.
One might wonder how to determine the P
n
ij
(z; "). It is done in the same way as for the
4-dimensional case, but keeping the terms of O(").





















is collinear with p
a
























   c
m
); (35)











; z < 1; (36)
with P
ij
















































































































(with the 's denoting helicities) as a consequence of helicity conservation (i.e. an anti-
commuting 
5
). This is not true in the HVBM scheme due to (6), which violates helicity
conservation of massless fermions (see [15] concerning the polarized split functions in the
HVBM scheme). We will show that this problem is overcome in the MS
"
factorization
scheme, which we shall now dene.
Factorization of the mass singularities is equivalent to expressing the bare parton distri-
butions (and fragmentation functions) in terms of the renormalized ones. In the MS (MS
"
)

































































+ ln 4) +O("): (41)
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is not necessary, but it allows for a distiction between
coupling renormalization and mass factorization energy scales. We will take M
f
=  in
our calculations. In other processes though, this distinction might be necessary in order to
avoid large logarithms.
For the fragmentation functions D
A=i
, representing the probability for quark i to split







































, unless j (=A) = , in which case 
j
= .
It is clear that the MS
"
scheme is just the MS scheme, extended so as to subtract o
the entire n-dimensional split function. In DRED, MS
"
is equivalent to MS since there is
no "-dimensional part of the split function.




in a form valid for



















































= 3 and e
q










This is not true in the HVBM scheme though. Of course, in the limit " ! 0 helicity
conservation is restored in all schemes so long as there are no 1=" poles arising from mass
singularities. If there are such 1=" poles, then one needs a scheme such as MS
"
, as we will
see.
























































































  4(1 + w) ln(1  w)   2(1   w)
#
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We see that the O(") scheme dependence of the Born term cancels with the 1=" (1="
2
)
divergences multiplying it. Also, we see that all the n-dimensional regularization schemes
give the same answer in the MS
"
scheme and it corresponds to the DRED MS answer.








) there is a

































































































































In both the qq and qg cases, we verify that the unpolarized DREG MS result agrees
















scheme if one uses MS. But this is a physical requirement. Hence, if one uses HVBM
9
regularization, then it is necessary to use a subtraction scheme like MS
"
or one which






as well (see also [15]) in




leads to regularization scheme independent results.
Now let us consider the Drell-Yan process with transversely polarized hadrons (trans-

































lie in the plane transverse to the beam axis. Now, letting " denote
polarization in the direction of the spin axis and letting # denote polarization opposite to






[("; ")  ("; #)]; (58)





































^ dened analogously to (58). There is no qg subprocess since gluons cannot be









































denote the azimuthal angle of p
3
about the beam axis (with respect to some


































representing the solid angle of p
3

















































separately for the Born term, loops, bremsstrahlung and factorization counterterm, then






















From the form of the unpolarized and longitudinally polarized results, it is straightfor-
ward just to take the nal DRED result of [6] and put it in a form valid for all regularization



















































































































is obtained via (35) with []! 
T
























In the anticommuting 
5









The transversity renormalizations corresponding to (40), (42) are obtained by replacing
[]! 
T
. We veried explicitly that the form of (40) does indeed hold for the transverse
case.
IV. CONNECTION BETWEEN n-DIMENSIONAL SCHEMES
Here we will show how to convert results of one n-dimensional scheme to those of
another in a straightforward manner. We do this by examining the origin of the scheme
dependent parts. Strictly speaking, this only applies to processes not requiring coupling
constant renormalization, since other dierences may arise from the UV sector. On the
other hand, it has been shown [21, 22] that the UV sectors of DREG and DRED in QCD
can be related via a nite O(
2
s

















(see for example [8]). In other words, one may go from one scheme to the other by simply
expressing the coupling of one scheme in terms of that in the other. We will assume this has
been done so that the only dierences may arise from the IR sector. Then all the following
argumentation can be seen to apply to all one-loop QCD processes.
As an example, we will consider the qq subprocess in unpolarized Drell-Yan, to show
the origin of the scheme dependences. Then we will show that the same argumentation
holds for all one-loop processes.
In order to extract the scheme dependent parts, we need only consider terms which give









when k is collinear with one of the initial partons, say p
1
















; w < 1 (69)
with
k  (1  w)p
1
: (70)














































Hence (noting that P
<;"
qq












as well as an equal term arising from k  (1 w)p
2






cancel exactly with the loops, having the same overall factor, and hence do not lead to
scheme dependences.





























Hence, the entire scheme dependence can be traced back to the process-independent




factorization scheme will lead to regularization scheme independent results; all the
regularization scheme dependent parts are subtracted. Of course, if one has longitudinal














For conciseness, we will drop the 
[T]
's with the understanding that the same argumenta-
tion holds for the polarized cases.
It is now clear how to convert results calculated in DRED to the corresponding DREG




















in the factorization counterterm.
















in the factorization counterterm. Hence one can go from any n-dimensional scheme to any
another using (76) and (77). From the previous argumentation, it is clear that polarization
poses no diculties in this approach. This procedure is equivalent to expressing the parton
distributions and fragmentation functions of one scheme in terms of those in the other, as
will be shown in the next section.
Up until now, we have used Drell-Yan as an example. We now show that the argumen-
tation here applies to all QCD processes at one-loop once the UV sectors have been made to
agree (if coupling constant renormalization is required). The renormalization of the parton
distributions is process independent, since the same collinear congurations occur in all
processes. This is because they are related to hadronic emissions (or fragmentation into
hadrons) which occur in a process independent manner and can be constructed from a uni-
versal set of subdiagrams containing the congurations having collinear divergences with
respect to the particular parton. The only dierence then, from one process to the next,
is the soft singularity structure. But the soft singularities cancel via the Bloch-Nordseick
mechanism [23] (or KLN theorem [24]) such that the singular cross section for soft emissions
is proportional to the Born term with (minus) the same overall factor as that coming from
the loops. Hence, the scheme dependences of O(") which which multiply the 1=" singular
terms, cancel exactly between the loops and the soft bremsstrahlung contributions.
Thus, the only scheme dependence may come from the non-cancelling mass singularities,
whose structure is process independent. Hence, all the argumentation here applies to all
QCD processes at one-loop; extension to higher orders should be analogous. Also, the same
conclusions concerning the regularization scheme independence in the MS
"
scheme apply
to all one-loop QCD processes.
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V. DRED PARTON DISTRIBUTIONS AND
FRAGMENTATION FUNCTIONS
It is straightforward to show how to relate the DRED parton distributions and frag-
mentation functions to those in DREG (MS). This is useful if one wishes to work strictly
in DRED, but make use of the abundant sets of DREG parton distributions and fragmen-




We will make use of the fact that DRED is equivalent to the MS
"
scheme of DREG.
Noting that the bare parton distribution, f
0
i=A







































































































Comparing with (76), (77) we see explicitly that going from DRED to DREG MS sim-
ply amounts to expressing the DRED (or MS
"
) parton distributions and fragmentation
functions in terms of the DREG MS ones, and vice-versa from series inversion.
VI. NUMERICAL RESULTS
Here we present asymmetries and cross sections for the Drell-Yan process in p-p collisions





with four avors and  = 0:2 GeV, except in the transversely polarized cross sections








. For the unpolarized cross sections, we use the DREG subprocess cross
section convoluted with the unpolarized parton distributions of [25] (Set S-MS). For the
longitudinally polarized case, we use the MS
"
(or DRED) subprocess cross sections, since
they are physically consistent (and regularization scheme independent), convoluted with the
longitudinally polarized parton distributions of [26] (Set 1, SU(3) symmetric sea) which t
14
well the recent DIS data [27] except at very low x not covered for the kinematics considered
here.
For the transversely polarized subprocess cross sections, we again use the MS
"
result.














































; q = u; d; s (83)
(one half the value used in [6, 28]). These satisfy the upper bound proposed by Soer [29].
As well, the valence distributions are consistent with bag model predictions. The small-
and large-x behaviour is consistent with the longitudinal and unpolarized cases. There
are no other denite constraints we may impose. Q
2
-dependent parameterizations for the
longitudinal and transversity distributions are given in [28]. We use one-loop evolutions,










































S = 100 GeV, in the range 0:05 
p
  0:5. The largest
value for  A
T
is 8%. We notice that for the qq subprocess, A
T
is reasonably perturbatively
stable, unlike the cross sections which increase by 50 { 100 % under HOC [6]. Inclusion of
the qg subprocess makes the asymmetry somewhat more negative since the qg subprocess
contributes negatively as noticed in [1, 2].







sharp dropo with increasing
p






behaviour of the cross section and the decreasing integration region with increasing
p
 .
Fig. 2 presents the corresponding quantities for
p
S = 200 GeV and 0:05 
p
  0:25
(away from the Z-exchange region). Similar features hold, except the cross sections are
somewhat smaller due to the 1=M
4












largest value for  A
L
is 16%. As expected from helicity conservation, the qq subprocess
exhibits great perturbative stability. Inclusion of the qg subprocess however, upsets this
stability since it contributes with sign opposite to that of the qq subprocess (in both the
15
polarized and unpolarized cases) and is relatively large in the polarized case. Hence the
net asymmetry becomes somewhat smaller in magnitude. This wouldn't be a problem in
p-p collisions, where one is probing valence-valence distributions. For p-p collisions, the
smallness of F
q
makes the qg subprocess more signicant. A smaller polarized gluon
distribution and/or a larger polarized sea-quark distribution would reduce this eect. Still,
for the larger
p
 , measurable asymmetries are obtained.
For a discussion of the perturbative stablilty of the longitudinal asymmetry in p-p
direct photon production, see [30, 28]. There it was noted that the asymmetry is perturba-
tively stable if the polarized gluon distribution is suciently large that the qg subprocess
dominates. This contrasts with p-p Drell-Yan, where a large polarized gluon distribution
destabilizes the asymmetry.
VII. CONCLUSIONS
We have presented complete NLO analytical results for the Drell-Yan process with
unpolarized, longitudinally polarized and transversely polarized hadrons. These results are
in a form valid for all n-dimensional schemes. It was shown how one can easily convert
from results obtained in one scheme to those of another, regardless of the polarization,
for one-loop QCD processes. This procedure simply amounts to expressing the parton
distributions and fragmentation functions in one scheme in terms of those in the other. As
well, the origin of the scheme dependences was elucidated. A mass factorization scheme,
which we call MS
"
, was introduced. It was shown that in this factorization scheme, the
nal results are regularization scheme independent and coincide with those of DRED MS.
A simple method for converting parton distributions and fragmentation functions from
DREG to DRED was given.
For p-p collisions at energies relevant to RHIC, asymmetries and cross sections for trans-
versely and longitudinally polarized collisions were presented. For the transverse case, the
asymmetries reached -8% and exhibited reasonable perturbative stablity. For the longitudi-
nal case, the asymmetries reached -16% and the qq subprocess exhibited great perturbative
stability. Inclusion of the qg subprocess somewhat lessened the longitudinal asymmetries
however. Still, p-p collisions serve as the best probe of the polarized antiquark distributions
in the proton, and they may be extracted with sucient experimental statistics.
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FIGURE CAPTIONS
1. (a) Transverse asymmetry,A
T
, in leading order and in next-to-leading order; (b) cor-




S = 100 GeV.
2. (a) Transverse asymmetry,A
T
, in leading order and in next-to-leading order; (b) cor-




S = 200 GeV.
3. (a) Longitudinal asymmetry, A
L
, in leading order and in next-to-leading order;






4. (a) Longitudinal asymmetry, A
L
, in leading order and in next-to-leading order;
(b) corresponding next-to-leading order polarized cross section versus
p
 at
p
S =
200 GeV.
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